We study the non-equilibrium diffusion dynamics of supersonic lattice solitons in a classical chain of atoms with nearest-neighbor interactions coupled to a heat bath. As a specific example we choose an interaction with cubic anharmonicity. The coupling between the system and a thermal bath with a given temperature is made by adding noise, delta-correlated in time and space, and damping to the set of discrete equations of motion. Working in the continuum limit and changing to the sound velocity frame we derive a Korteweg-de Vries equation with noise and damping. We apply a collective coordinate approach which yields two stochastic ODEs which are solved approximately by a perturbation analysis. This finally yields analytical expressions for the variances of the soliton position and velocity. We perform Langevin dynamics simulations for the original discrete system which fully confirm the predictions of our analytical calculations, namely noise-induced superdiffusive behavior which scales with the temperature and depends strongly on the initial soliton velocity. A normal diffusion behavior is observed for very lowenergy solitons where the noise-induced phonons also make a significant contribution to the soliton diffusion.
Introduction
Nonlinear one-dimensional lattice dynamics, namely propagation of coherent excitations in monatomic chains modeling discrete microscopic structures, is associated with rather important problems in physics. Among them solitary waves, which for simplicity are called here solitons, can be supported by every realistic interaction potential [1, 2] . In spite of their relative simplicity, the solitons clarify many features of molecular chains [3, 4, 5, 6, 7] . For example, due to their robust character, lattice solitons have been used to explain the energy transport in polypeptide chains in muscle proteins [8, 9, 10] or the energy transport in DNA [11] . Numerical simulations at realistic temperatures for transport in proteins have shown that lattice solitons can propagate over long distances in a chain with the Lennard-Jones potential [9] . Moreover, the lattice solitons are more stable than Davydov solitons if collisions between the two types of solitons are considered [10] . The aim of this paper is to give an approximate analytical description of the soliton diffusion dynamics in a monatomic chain under thermal fluctuations. We restrict our study to an atomic chain with a cubic anharmonicity since in the continuum approach this type of system leads to a Korteweg-de Vries (KdV) type of equation, whose one-soliton solution is known analytically. For realistic interaction potentials like Lennard-Jones or Morse there are no exact soliton solutions.
There are a number of regular procedures for deriving approximate partial differential equations from the full set of discrete equations describing the anharmonic chain with a power-like potential. In the case of the long-wave approximation, a Boussinesq (Bq) type of equation describes the dynamics of the anharmonic chain with nearest-neighbor interaction [4, 12, 13] . In the regime of soliton velocities very close to the sound velocity (very low-energy solitons) a further approximation can be made leading to a KdV equation [4, 14] . This is an integrable system which is a paradigm in the study of nonlinear systems. For instance, it is known that the shape of broad KdV solitons tend to be identical to the shape of broad supersonic lattice solitons. Those solitons maintain their identity as they move, interact and are perturbed by small fluctuations. Due to their robust character they are a good model to study the effects of stochastic perturbations. Indeed, much effort has been devoted to understand how stochastic perturbations affect KdV solitons [15] . From these works, by using a simple variable transformation together with the inverse scattering technique, Wadati [16] was able to obtain an exact one-soliton solution of a stochastic KdV-type equation without damping. In this case an additive time dependent Gaussian white noise was considered. Wadati extended this work [17] to include the effects of Stokes damping [18, 19] and considered also N-soliton solutions. The case of a stochastic KdV with multiplicative noise delta-correlated in space and time was discussed by Herman [22] . He used perturbation theory to study the average soliton shape. He did not consider the case of simple additive noise delta-correlated in space and time because in that case he found some divergencies in his theory. An extension of this work was made by Iizuka [23] who considered a non-damping case with multiplicative noise with long-range correlations time. He obtained an anomalous diffusion of solitons. More recently Scalerandi et al. [24] solved numerically the KdV equation with Stokes damping and additive noise delta-correlated in space and time. These authors showed numerically the validity of Wadati's theory concerning the asymptotic behavior of average soliton solutions. They also derived, by using Wadati's theory, an approximated analytical expression which shows a noise-induced superdiffusive behavior for the case of small Stokes damping.
In this context, our interest here is the study of non-equilibrium diffusion dynamics of lattice solitons on anharmonic chains subject to thermal fluctuations; namely soliton dynamics when the system energy is close to its stationary value. Thus, the discrete system is in contact with a thermal bath with a given temperature. For this purpose an additive noise term, providing energy input, is added to the discrete equations of motion. This term is balanced by a damping term providing energy dissipation. In this paper we suggest as a damping term the so-called hydrodynamical damping [18] . This is because the discrete equations of motion with the hydrodynamical damping shows underdamped behavior which makes it suitable in the context of soliton dynamics [19] . The corresponding noise term, which fulfills the fluctuation dissipation theorem, takes the form of a discrete gradient of Gaussian white noise delta-correlated in space and time. This noisy and damped system, in the long-wave approximation, can be approximated by a noisy KdV-Burgers-type equation. This kind of equation has previously been considered in the context of hydrodynamics [25] . Although the KdV-Burgers equation does not have a one-soliton solution, a stationary solution exist [26] . By using this, together with Wadati's transformation, Orlowski [27] was able to solve a noisy KdV-Burgers type of equation. He showed that in the case of Gaussian additive noise correlated only in time the average solution is a kind of combination between a soliton diffusion and a shock wave. However, we notice that this noisy KdV-Burgers equation considered by Orlowski does not fulfill the fluctuation dissipation theorem. In our case Wadati's transformation cannot be used since our noise term depends also on a space coordinate. We have applied therefore a generalized traveling wave ansatz combined with a collective coordinate formalism in the work frame of the KdV equation as an analytical approach to study the diffusion of lattice solitons.
In the next section we present the equations of motion of our discrete system. From this we formulate a set of stochastic equations of motion by adding noise and damping. Next, we apply the continuum limit and derive a form of noisy KdV-Burgers equation. In section 3 we apply a collective coordinate approach which yields analytical expressions for the thermal averages and variances of the soliton position and velocity. In section 4, we compare our analytical predictions with the results from Langevin dynamics simulations for the original discrete system. Our conclusions are summarized in the last section.
The noisy KdV-Burgers equation
We consider an anharmonic chain of particles with mass M and nearest-neighbor interactions. The particles interact via an anharmonic potential with a cubic anharmonicity. The Hamiltonian of this system reads
where Y n denotes the longitudinal displacement of the n-th particle from its equilibrium position, and
is the momentum. The associated first order equations of motion read
where we have already added both a stochastic force, F
N oise n
, and a damping force,F Damping n . Both forces couple the discrete system with a thermal bath. A popular definition of the damping force is the Stokes damping (outer friction),
which was first introduced by Langevin [28] in the context of the Brownian motion problem. However, for our system this type of damping causes an unphysical behavior, because it overdamps the long-wave parts of a wave packet representing a soliton [19] . As a consequence, the soliton drastically changes its shape and is soon torn apart. Therefore we have chosen a more suitable definition of damping, the so-called inner friction or hydrodynamical damping, which reads [19, 18] 
This is the discrete version of the damping used in elasticity theory [18] . To fulfill the fluctuation dissipation theorem the noise must have the form (see App. A)
where
is the diffusion constant, ν is the damping constant, k B is the Boltzmann constant, and T is the temperature of the thermal bath. ξ n (t) is delta-correlated white noise,
ξ n (t) = 0.
Since our interest is the study of the lattice soliton diffusion close to the sound velocity, c, we can use the continuum limit approach, where Y n (t) → y(x, t) and ξ n (t) → ξ(x, t) with x = n a and a the equilibrium atomic spacing. In this limit [4] , Eq. (3) reduces to a form of noisy and damped KdV equation (see Appendix B for details)
The constants α, β and γ are defined in (77), and ν 1 and D 1 are given by Eqs. (81). Note that
Here and in the following the line over ξ is omitted. At this point we comment also that the form of the noise term in (11) is suitable to achieve analytical calculations, as we show below. This is because it does not lead to any divergency, in contrast to the case of a simple white noise which was considered by Herman [22] 
whose one-soliton solution reads
Here
is the inverse soliton width and s 0 is the initial soliton position. The sound velocity c and the constant p are defined in (73).
Collective coordinate approach
To analyze our problem we assume that the soliton shape, u 0 (s, τ ), is not disturbed by the noise and damping terms and that only the dynamics of its position and width are modified. This assumption is well satisfied for low-energy solitons, whose velocity is close to the sound velocity, because tails induced by the perturbations are small in this velocity regime [29, 19] . So we introduce a generalized traveling wave ansatz of the form
where the collective variables S(τ ) and η(τ ) are the soliton position and the inverse soliton width, respectively. Here and in the following the index of the one-soliton solution u 0 is omitted.
To obtain the equations for our collective coordinates we follow [20, 21] . First, by substituting (17) into Eq. (11) we get
Notice that the functions {φ i } i=1,2 coincide with the adiabatic approximation (omitting secular terms in time) of the discrete solutions of the linearized KdV equation around the one-soliton solution (15) [30] . We remark here that our collective coordinate theory does not take into account the contribution of the phonon modes (continuous basis function solution of the linearized KdV). We discuss the effect of noise-induced phonons in section 4.2. The functions {φ i } i=1,2 are also orthogonal, so the inner product ds φ i (s, τ ) h(s, τ ) projects a function h onto the functions {φ i } i=1,2 . Then, by projecting Eq. (18) we get
After some calculations the Eqs. (20) take the form
To achieve the calculations we have assumed that the soliton shape remains mostly unaffected, and only its position and its width change due to the stochastic perturbations. Then, at least for small noise, we can perform the calculations by taking the soliton field out of the averages. Moreover, we have interpreted Eqs. (27) and (28) in the Stratonovich sense, because it assumes ξ(s, τ ) is a real noise with finite correlation time, which is then allowed to become infinitesimally small after calculating measurable quantities [31] . Notice that white noise means taking the limit of zero correlation time.
Eqs. (27) and (28) can take the form
where the elements of the noise vector ξ satisfy (13) . and B
Str
22 are the coefficients in front of the noise in Eqs. (27) and (28), respectively. In order to facilitate the calculations we write Eq. (29) in the Ito form,
where the dW(s, τ ) = ξ(s, τ )dτ is a Wiener process. Via a Fokker Planck equation, one can show that the elements of the drift vector
Notice that A Ito andB Ito are nonanticipating functions. So, from Eq. (30) it is easy to show the following averages
Here · · · means average over an ensemble of realizations,
Now we define a new set of Langevin equations,
which we have interpreted in the Ito sense. dW j (τ ) = ξ j (τ )dτ are Wiener processes where we have let the noises to be uncorrelated, namely
In order to determine the values of a i and b ij we have demanded that Eqs.(35) satisfy the relations (33) . It is straightforward to see that Eqs. (35) take the form
Eqs. (37) and (38) are statistically equivalent to Eqs (27) and (28) because they share the same Fokker Planck equation. Since the derivation of Eqs (37) and (38) involved approximations we have not solved them exactly. Instead of that, we have used perturbation analysis [32] , which is developed in detail in Appendix C. In order to do so, we have considered the thermal terms as perturbations, so Eqs. (37) and (38) take the form
Now, we seek an asymptotic solution in the form of a small-noise expansion
Here, ǫ is a factor introduced for convenience in the analytical calculations. Notice that the case ǫ = 0 reduces Eqs. (39) and (40) to the deterministic case. In order to interpret our perturbation theory we must set ǫ = 1 and assume that the terms on the r.h.s. of Eqs. (39) and (40) are sufficiently small. So we must restrict ourselves to a regime of low temperatures of the thermal bath (D 1 small). From the perturbation analysis we obtain that
The values of D 1 and λ are given by Eqs. (81) and (91), respectively.
Simulations
Substituting Eqs. (6) and (7) into Eq. (3) we get the full set of discrete equations of motion written in absolute displacements. However, for our simulations relative displacements are more convenient; then the equations read
The lattice solitons in this representation are pulse solitons whose amplitude vanishes at infinity. This characteristic allows us to use periodic boundary conditions which are necessary for long simulation times, because we want to avoid reflections at the boundaries.
A suitable method to detect the position of a pulse lattice soliton, V n (t), is to search for its maximum [19] . However, in the presence of stochastic perturbations this method is not useful since the pulse shape is strongly masked by the noise. Therefore we have used the kink shape, Y n (t), of the lattice soliton because this is less distorted by the noise. In order to do so, we have used the algorithm
to reconstruct the kink shape from the pulse shape, V i (t). Notice that Y 1 (t) is an arbitrary boundary condition that we have demanded to be
where 2N is the number of particles. We are interested not only in the soliton position, x 0 , but also in its velocity, v. In order to determine both we have searched for those values where the relation
is fulfilled. Here
with
The function y 0 (n a − x 0 , v) is the absolute displacement representation of the one-soliton solution (15) in a frame moving with the soliton velocity. This representation can be obtained by using the inverse of the transformations (12) . In Eq. (47)
where int(·) denotes the integer part of a number. The value of n 1 has been chosen to take into account only the core of the lattice kink-shape. Notice that the soliton position can be defined either by x 0 or by the product v t. Of course, they are not equal, however, both definitions are correct in the sense that they give the position of the few atoms near the core of the lattice soliton. x 0 gives the position of the soliton as a rigid excitation, without taking into account perturbations of the soliton shape. On the other hand, the definition v t, related through the velocity to the soliton shape, turns out to be sensitive to the shape perturbations. Since lattice solitons do not always behave like rigid excitations we have found it suitable to use a combination of both definitions as our definition of the soliton position, namely
This definition is in agreement with our collective coordinate approach in which we have chosen position and inverse width as collective coordinates, because the width is related with the velocity; see Eq. (16). Our Langevin dynamics simulations were performed for a chain with 1500 lattice points. The time integration was carried out by using the Heun method [33] , which has been successfully used in the numerical solution of partial differential equations and difference-differential equations, coupled to either an additive or a multiplicative noise term [34, 35, 36] . The value Y 1 (t) defined in Eq. (46) is a conserved quantity, therefore we have used it to check the accuracy of our code [19] . For the longest simulation time the variation of this conserved quantity has been lower than 4 × 10 −9 %. In order to start the simulations at t = 0 we have used the one-soliton solution (15) 
Soliton propagation
In Figs. 1a and 1b we show several examples of both the averaged soliton position, x(t) , and the averaged soliton velocity, v(t) , as functions of time from both the simulation and the theory (see Eqs. (42)). Notice that
For all cases the soliton position from the simulation agrees well with the position given by the analytical theory. In the case of the soliton velocity, the agreement is better for initial velocities close to the sound velocity than for higher velocities. In fact, the time evolution of the velocity given by the simulation is always higher than the theoretical prediction. This systematic difference may be due to the small tail that is generated by the lattice soliton since it is a non-topological soliton [19] . So it may affect our numerical method for determining the soliton position. We point out that the amplitude of this tail depends on the soliton velocity and can be neglected only for velocities close to the sound velocity [19] . That is one of the reasons why we restrict our study to low-energy solitons whose velocities are close to the sound velocity. Since this difference is systematic it does not play any role in the numerical calculation of the variances which is our more important goal in this article. We remark also that in our simulations the position of the lattice soliton is calculated by formula (51), while the velocity follows directly from the relation (47). In other words, the velocity is not exactly the time derivative of the soliton position.
Soliton diffusion
In Figs. 2 and 3 we show the variances of the soliton position and velocity vs. time for different initial velocities. The temperature of the thermal bath in Fig. 3 is 10 times higher than that in Fig. 2 . As expected from Eqs. (42) the results differ roughly by a factor of 10; i.e. the variances are proportional to the temperature. We observe that the behavior of the variances depend strongly on the initial soliton velocity. For low-energy solitons, whose velocities are very close to the sound velocity (Figs. 2 and 3, cases (a) and (b) ), the soliton diffusion is mostly normal, namely the variances of the position and velocity are almost linear in time. For higher-energy solitons (cases (c)-(f)) there is an anomalous diffusion, namely superdiffusive, in the case of the variance of the position. In fact, the normal diffusion shows up only for times t << t * = 30 + π > ∼ c) normal diffusion is dominant for long times. In this case t * is much larger than our simulation time (Figs. 2a and 3a) . However, for higher-energy solitons the anomalous behavior turns out to be important after some time. In those cases t * is comparable with our simulation time (see for example Figs. 2e and 3e) .
Notice that the variance of the soliton position is higher for low-energy solitons (Figs. 2a and 3a) than for higher-energy solitons (for instance Figs. 2e and 3e ). This is due to the fact that the high-energy solitons are more robust against thermal fluctuations than the lower-energy ones. Or, equivalently, the reduced temperature T = k B T /H(0) (temperature in units of the initial soliton energy H(0)) of the thermal bath is higher for slow solitons than for the fast ones (see captions of Figs. 2 and 3) .
On the other hand, the superdiffusive behavior shows up for high-energy solitons. It is because the soliton velocity turns out to be more sensible to the thermal fluctuations in this case than in the case of broader solitons. Notice that the soliton velocity and soliton width are related. Also, since the high-energy solitons encompass few lattice sites, the width perturbations are larger with respect to the mean width in this case than in the case of broader solitons (low-energy solitons). In fact, the variance of the soliton velocity shows this effect, namely that for broader solitons (Figs. 2b and 3b ) this variance is lower than for narrower solitons (for instance Figs. 2f and 3f) .
Notice that in the case of solitons with very low energy the variance of the position (Figs. 2a and 3a) does not agree so well with the theoretical prediction. This may be due to the combination of two effects. First, the profile of low-energy solitons is strongly masked by the noise, so the numerical detection of the position may be distorted. Second, not only the noise but also the noise-induced phonons can make a significant contribution to the variance of the position, since T is rather high. In order to estimate this contribution we have performed the following numerical test. We have simulated the propagation of low-energy solitons under thermal fluctuations up to a time (e.g. 2500) when the system energy is close to its stationary value. Afterwards, we have isolated the system from the thermal bath by switching off noise and damping, so solitons propagate only in the noiseinduced phonon bath. The diffusion is normal before and after the system is isolated, i.e. the variance of the position is linear in time. However, the slopes are different. An example of this test is shown in Fig. 4 . In a normal diffusion process the slope of the variance of the soliton position is the diffusion constant. We call this D total when the system is in contact with the thermal bath since there is a contribution of both the thermal fluctuations and the phonons. The diffusion constant due to the noise-induced phonon bath is termed D ph . On the other hand, our theoretical diffusion constant, D th , is defined as the linear coefficient of the Taylor expansion of V ar[S(τ )], Eq. (94). Since our theory does not take into account the contribution of phonon modes, we expect that the value (D total − D ph ) is close to the value D th . Indeed, the relative deviation of this difference from D th is very small, as is shown in Fig. 5 . This relative deviation tends to increase for higher T which is not surprising since the distortion of the soliton profile becomes larger with increasing T , which induces uncertainties in the detection of the soliton position, as we have mentioned above. Finally we stress that in our tests the phonon contribution to the soliton diffusion could be clearly observed only for very low-energy solitons (Figs. 2a  and 3a) . For higher-energy solitons the effect is negligible, and here our theory indeed agrees well with the simulations.
We comment that there was a previous attempt by Scalerandi et al. [24] to calculate theoretically the mean square displacement of a KdV soliton subject to stochastic fluctuations. They considered the case of small Stokes damping and a simple white noise delta-correlated in time and space. Though their theoretical result shows the appearance of a noise-induced superdiffusive behavior, it does not have the same dependence with respect to the soliton width as our results (42) which fully agree with our simulations.
Summary and conclusions
We have studied the non-equilibrium diffusion dynamics of lattice solitons on a classical chain of atoms under thermal fluctuations, namely soliton dynamics when the system energy is close to its stationary value. The interaction potential between the atoms is harmonic plus a cubic anharmonicity. The chain is coupled to a thermal bath at a given temperature. For that reason we have included dissipation and noise in the discrete equations of motion of the chain. We chose hydrodynamical damping as dissipation because it does not overdamp the long-wave linear modes which mostly contribute to the soliton dynamics, in contrast to the Stokes damping. The noise term which fulfills the fluctuation dissipation theorem then becomes a gradient of white noise delta-correlated in space and time. In the continuum approach our original discrete set of equations leads to a form of noisy KdV-Burgers equation. At this point we have used a collective coordinate approach to study the diffusion dynamics of both position and velocity of the soliton. The soliton position and the inverse soliton width have been found to be good collective coordinates to describe the soliton diffusion. We have derived two stochastic ordinary differential equations with multiplicative noise which have been solved analytically using stochastic perturbation analysis.
For low-energy solitons, whose velocities are close to the sound velocity, our molecular dynamics simulation has fully confirmed our analytical predictions. Namely, normal diffusion of lattice solitons shows up for short times, while superdiffusive behavior is present for long times. The time range of the normal diffusion depends on the initial velocity of the soliton: it is large for velocities close to the sound velocity and short for high velocities. The collective coordinate approach does not take into account the noise-induced phonon bath, however we have shown that this does not play an important role except when the reduced temperature of the thermal bath is very high. In that regime the soliton diffusion is normal. In this case, for a given temperature we have estimated in our simulations the value of the diffusion constant due to the noise-induced phonon bath without noise when the system energy is close to its stationary value. We have subtracted this value from the full value of the diffusion constant which is not only due to the induced phonons but also due to the noise. The resultant value of this subtraction is again predicted by the collective coordinate approach.
Finally, our results above point out the robustness of lattice solitons. In fact, they can exist even for higher values of temperature and damping constant (in the case of the hydrodynamical damping) than those explicitly considered in the present article. On the other hand, for lower values of the temperature the variances of the soliton position and velocity turn out to be very small because they scale with the temperature. So it is very difficult to observe them.
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A Derivation of the noise term
The associated set of Langevin equations of the classical chain of atoms under thermal fluctuations are
and F N oise (t), which satisfies the fluctuation dissipation theorem, is unknown. P n is the momentum defined by Eq. (2), Y n denotes longitudinal displacement from its equilibrium position, of n − th particle with mass M and velocity dY n /dt. H is the Hamiltonian
and V is an arbitrary potential which depends on the relative displacements Y n+1 − Y n . The discrete Fourier transform of Eq. (54) takes the form
We defineF
whereξ k (t) is delta-correlated white noise,
and D(k) is unknown. The associated FPE of Eqs.(58) in the Stratonovich sense takes the form
In order to determine D(k) we have demanded the stationary solution of Eq.(62) to be the Boltzmann distribution, namely
where H is defined in Eq. (56) and N is the normalization constant. Substituting Eq.(64) into Eq.(62), it is straightforward to see that
Therefore, from Eq. (60) together with (65), it is easy to show that in position space
Finally, the relation (66) can be satisfied by the definition
B Continuum limit
In order to reduce Eq. (3) to a form of noisy and damped KdV equation we have performed two steps. First, we have employed the continuum approach in order to obtain a sort of noisy and damped Bq equation, and then we have used the reductive perturbation technique [37] in order to obtain the noisy and damped KdV equation.
B.1 Noisy and damped Bq equation
Here we have used the procedure of Pnevmatikos [4] , who expanded Y n±1 (t) and Y n±2 (t) in a Taylor series around y(x, t), with x = na, where the equilibrium atomic spacing a is regarded as an expansion parameter. Then, collecting powers of a, Eq. (3) together with Eqs. (6) and (7) at O(a 4 ) takes the form
with properties
The diffusion constant takes the form
Other constants are
B.2 Noisy and damped KdV equation
We write Eq. (69) in the sound velocity frame and make a further approximation concerning variations in time. In this case we may use the reductive perturbation technique [37] . Therefore we rewrite Eq. (69) in the perturbational form
where we have introduced a small parameter κ for convenience. Afterwards, we perform the following change of variables
so that
We have also expressed u and ξ in a perturbation series
Here the parameter κ indicates the magnitude of the rate of change, the coefficients κ and κ 3 in (75) are chosen in order to balance the nonlinear term, and the dispersive term and the time derivative are of the same order in κ. The small noise expansion (79) is defined such that the lowest order terms of noise and damping are of the same order. Substituting Eqs. (76), (78) and (79) into (74), and keeping the lowest order terms, namely O(κ 6 ), we find that
where we have set u = u 1 and ξ = ξ 2 .
C Perturbation analysis
In this appendix we develop a perturbation approach to the equations (see Eqs (39) and (40)) 
We interpret Eqs. (82) and (83) 
The full expressions of V ar[4 η 2 ] to this order of perturbation is given by Eqs. (42). In the rest frame this variance reads 
